Chiral persistent currents and magnetic susceptibilities in the parafermion quantum Hall states in 

the second Landau level with Aharonov-Bohm flux 
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Using the effective conformal field theory for the quantum Hall edge states we propose a compact and con- 
venient scheme for the computation of the periods, amplitudes and temperature behavior of the chiral persistent 
currents and the magnetic susceptibilities in the mesoscopic disk version of the Z/. parafermion quantum Hall 
states in the second Landau level. Our numerical calculations show that the persistent currents are periodic in 
the Aharonov-Bohm flux with period exactly one flux quantum and have a diamagnetic nature. In the high- 
temperature regime their amplitudes decay exponentially with increasing the temperature and the corresponding 
exponents are universal characteristics of non-Fermi liquids. Our theoretical results for these exponents are 
in perfect agreement with those extracted from the numerical data and demonstrate that there is in general a 
non-trivial contribution coming from the neutral sector. We emphasize the crucial role of the non-holomorphic 
factors, first proposed by Cappelli and Zemba in the context of the conformal field theory partition functions 
for the quantum Hall states, which ensure the invariance of the annulus partition function under the Laughlin 
spectral flow. 

PACS numbers: 11.25.H; 71.10.Pm; 73.43.Cd 
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I. INTRODUCTION 

According to a well-known but unpublished theorem due 
to Bloch\ the free energy of a conducting ring (or other non- 
simply connected conductor) is a periodic function of the 
magnetic flux through the ring with period one flux quan- 
tum — h/e — 1. The flux dependence of the free energy 
F{T,^) — —kBT\n{Z{T,^)), where Z{T,^) is the partition 
function, gives rise to a non-dissipative equilibrium current 

e\ dF{T,(p) 
h) 5^ ' 

flowing along the ring, called a persistent current, which 
has a universal amplitude and universal temperature depen- 
dence. Such currents have been experimentally observed in 
conducting mesoscopic rings^, in which the circumference of 
the ring is smaller than the coherence length^. Mesoscopic 
effects, such as the persistent currents and Aharonov-Bohm 
(AB) magnetization, offer an outstanding possibility for the 
experimental observation of certain implications of Quantum 
Mechanics. This has recently become a topical issue in the 
context of Quantum Computation^. Another motivation for 
our interest in mesoscopic physics is that despite being equi- 
librium quantities the persistent currents may give important 
information about transport due to a recently emerging rela- 
tion between the Thouless energy, diagonal conductivity and 
the persistent currents^'^. At the same time, these phenom- 
ena could help us understand the effects of electron-electron 
interaction on the strongly correlated electron systems^'**. 

The fractional quantum Hall (FQH) effect provides an ex- 
citing possibility for an experimental realization of meso- 
scopic rings^'^"' ' . Due to the non-zero energy gap in the bulk, 
when the system is on a FQH plateau, the only delocalized 
states, which are able to carry electric current, live on the edge 
of the FQH sample. When this sample has the shape of a disk. 



its edge is a circular ring whose width is of the order of the 
magnetic length Ib = ^JJiJeB. For example, the edge states of 
the Laughlin FQH states gave the first observable realizations 
of the chiral Luttinger liquids^, whose mesoscopic properties 
have been well-understood. 

However, recent experiments'^ have shown that the Lut- 
tinger liquid theory is not relevant for more general filling 
factors such as those in the principle Jain series. Fortunately, 
there is a more general and promising classification scheme 
for the FQH states based on the conformal field theory (CFT). 
Within this scheme the universality classes of the FQH sys- 
tems have been described by the effective field theories for the 
edge states in the (thermodynamic) scaling limit'^"'^. These 
turned out to be Chern-Simons topological field theories in 
2 + 1 dimensional space-time which are equivalent to unitary 
CFTs operating on the 1 + 1 dimensional space-time border, 
provided the bulk excitations are suppressed by a finite energy 
gap- 
Most of the computations of the persistent currents in FQH 
states for finite temperatures have been based so far on the 
Fermi/Luttinger liquid picture. The reason is that a more gen- 
eral approach to these quantities was missing. In this paper we 
are trying to bridge the gap between the general FQH classifi- 
cation scheme based on unitary CFT and the directly measur- 
able quantities, such as the AB magnetization and magnetic 
susceptibility, which express the electro-magnetic properties 
of the mesoscopic FQH systems. To this end we shall use as a 
thermodynamical potential the complete chiral CFT partition 
function for the FQH edge states with AB flux and a special 
invariance condition, called the V invariance, representing the 
Laughlin spectral flow'^ '^ in the CFT context, which was in- 
troduced by Cappelli and Zemba'^. 

Typically the persistent currents in the FQH states con- 
tain large non-mesoscopic contributions'^''^, slowly varying 
with the magnetic field, coming from states which are deep 
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below the Fermi level. These contributions cannot be de- 
scribed within the CFT framework which takes into account 
only states close to the Fermi energy and therefore the edge 
states effective CFT is relevant only for the computation of the 
(oscillating) mesoscopic part of the persistent currents, which 
is proportional to the AB magnetization. Fortunately, it is pos- 
sible to measure directly the oscillating part of the persistent 
currents due to the DC Josephson effect in a 2-terminal super- 
conducting ring, which is known as a Superconducting Quan- 
tum Interference Device (SQUID) Perhaps, the persistent 
current and the AB magnetization are the only CFT-based pre- 
diction of electro-magnetic properties of the FQH systems that 
could be tested directly. As we shall see in Sect. IV, these cur- 
rents are expected to be diamagnetic at very low temperature 
for any FQH state. 

Although the FQH states do emerge in highly correlated 
electron systems it was confirmed both numerically^'** and 
experimentally^ that the electron-electron interaction does not 
change significantly the value of the persistent currents. On 
the contrary, it was found that the amplitude of the current 
is strongly reduced by impurities^'^, however, since the per- 
sistent currents for a disk FQH sample are chiral (for states 
without counter-propagating modes on the same edge) there 
should be no impurity backscattering, hence no amplitude re- 
duction from weak disorder^. Therefore, the temperature de- 
pendence of the persistent currents in mesoscopic FQH edges 
is expected to be universal. While the persistent currents natu- 
rally express the electric properties of the system, it turns out 
that their universal temperature dependence could also give 
important information about the neutral structure of the effec- 
tive field theory for the edge states'"-", and may be consid- 
ered as an ideal tool for distinguishing between different FQH 
universality classes. As we shall demonstrate in Sect. IV and 
Sect. V the low- and high- temperature decays of the persis- 
tent current's amplitudes crucially depend on the neutral prop- 
erties of the edge states. 

In 1999 the first several FQH states in the so called 
parafermionic (PF) hierarchy in the second Landau level with 
filling factors 



V — - 



(1) 



introduced by Read and Rezayi^" have been observed in an 
extremely high-mobility sample^' (for FQH states in the sec- 
ond Landau level one has to add^*^-^^ 2 to the filling factor in 
Eq. (1)). Originally the wave functions of the ground state and 
excited states of these novel FQH liquids have been obtained^" 
as conformal blocks of the well-known Z^t parafermions, how- 
ever, in a subsequent work^^ the effective CFT have been 
expressed as a diagonal affine coset within an abeUan par- 
ent CFT (a multi-component Luttinger Uquid). The latter ap- 
proach allowed to find a much simpler expression for the wave 
functions as well as to interpret the non-abelian quasiparticles 
as a result of certain projection of neutral degrees of freedom. 

In this paper we are going to illustrate the general CFT ap- 
proach to the chiral persistent currents on the example of the 
parafermion FQH states in the second Landau level^^. Our 
main result is the observation that all mesoscopic quantities. 



such as the persistent current, AB magnetization and mag- 
netic susceptibility, are periodic functions of the AB flux with 
period exactly one flux quantum h/e. Let us note that the 
Bloch theorem does not forbid fractional periods, such as 1/2, 
1 /3, 1 /4, etc., however, this is always a signal of spontaneous 
breaking of symmetries. Thus, our numerical results rule out 
this possibility for finite temperatures Uke it should be in view 
of the Mermin- Wagner^-' and Coleman-^^ theorems. 

We shall investigate the temperature dependence of the per- 
sistent currents much above some temperature scale Jq = 
hvp/nksL, where vp is the Fermi velocity on the edge and 
L is the edge's circumference, where the current's amplitudes 
decay exponentially with increasing the temperature. The cor- 
responding exponents are universal and can be used to charac- 
terize the universality classes of the FQH states. For example, 
for the Laughlin FQH states with V// = 1 / {2p -|- 1 ), the ampli- 
tude of the persistent current decays according to^'-^^ 



llZ'\T)^ /o-exp 
r>ro lo 



T\ 1 

^0 / Vh 



(notice that the term T/Tq is missing in Eq. (95) in Ref.^ 
which is a misprint). For Fermi liquids a = 1 and any different 
value is the fingerprint of a non-Fermi liquid. A very interest- 
ing question in this context, which was one more motivation 
for our numerical calculations, is what would be the value of 
the universal exponent a for FQH states for which the numer- 
ator ofvn is bigger than 1 As we shall see in this paper, the 
answer to this question is not trivial and two obvious gener- 
aUzations, namely a = v^^ and a = nndH (see Eq. (1)), are 
inconsistent with the numerical data for the parafermion FQH 
states. Our result, Eq. (30), which is fairly instructive about 
the general pattern, shows that there is a non-trivial contribu- 
tion from the neutral sector. To the best of my knowledge, 
this is the first generalization of this kind which is confirmed 
numerically. 

The rest of this paper is organized as follows: in Sect. II we 
first describe the relation between the Cappelli-Zemba fac- 
tors, the AB flux and the Laughlin spectral flow and then 
summarize the results from Ref.^^ about the partition func- 
tions for the edge states of the parafermion FQH states for 
k = 2,3 and 4. In Sect. Ill we present the numerical cal- 
culations for the persistent currents and magnetic suscepti- 
bilities at fixed temperature, when the flux is varied within 
the range of one flux quantum, as well as for the tempera- 
ture dependence of their amplitudes. In Sect. IV we derive 
the low-temperature asymptotics of the persistent currents and 
susceptibilities for these states and try to identify the possi- 
ble mechanism for the amplitude reduction. In Sect. V the 
high- temperature asymptotics is computed with the help of 
the modular S-transformation which relates the low- and high- 
temperature regimes. Another mechanism for the temperature 
decay of the persistent currents is suggested for this regime. 
It is shown that both low- and high- temperature behaviors 
depend crucially on the neutral properties of the FQH system. 
Finally in Sect. VI we collect the arguments for our conclusion 
that the periods of the persistent currents in the parafermion 
FQH states is exactly one flux quantum. 
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II. CHIRAL PARTITION FUNCTION FOR THE FQH 
STATES WITH AHARONOV-BOHM FLUX 

A. Cappelli-Zemba factors and the Laughlin spectral flow 

The partition function Z(t, Q for a disk FQH sample with 
a single edge, which we shall call the chiral partition func- 
tion, computed within the effective CFT for the edge states is 
simply the sum of all non-equivalent chiral CFT characters'^ 

Z(T, Q = tr ^A,-./24g2;r%i = £ ;^^(^, where 



Xx{'^,Q = tr ^-c/2*^2niCJa and = (3) 

X=l 

The number in Eqs. (3), called the topological ordei^^ , (the 
number of topologically inequivalent quasiparticles with elec- 
tric charge'^ < (2ci < 1) is one of the most important charac- 
teristics of the FQH universahty classes. The (Hilbert) space 
of the edge states , over which the trace in Eq. (3) is taken, 
is the direct sum of all independent (i.e., irreducible, topologi- 
cally non-equivalent) representations ,3^x of the chiral algebra 
(see the Introduction of Ref.'* for a short description of the 
chiral algebra terminology in the FQH effect). The effective 
Hamiltonian for the edge states (in the thermodynamic limit) 
is essentially given by^^ 



(4) 



where z. = exp[{vft — ix)/R], x is the coordinate on the edge, t 
is the imaginary time, vp is the Fermi velocity on the edge, R 
is its radius, Lq is the zero mode of the Virasoro stress tensor 
r(z) and c is the central charge of the latter'^. While it has 
become a wide-spread opinion that the CFT Hamiltonian (4) 
captures only the universal properties of realistic FQH sys- 
tems and eventually could not give a physical description of 
the latter, it has been shown^" that the energy spectrum of the 
FQH edge excitations, with Coulomb and generic short-range 
interactions included, contain only logarithmic corrections to 
that derived from Eq. (4) which are subleading in the thermo- 
dynamic limit. Therefore, we believe that the CFT approach 
to the FQH effect could give more information about the struc- 
ture of the Hilbert space of the low-laying excitations^*^, the 
energy spectrum of the FQH systems in the thermodynamic 
limit and even about the energy gap'*^. In particular, it should 
not be a surprise that the CFT-based computations "'^^ of the 
persistent currents in the Laughlin FQH states give the same 
results as those based on the Luttinger liquid picture^. 

The electric charge operator 7ei in Eq. (3), defined as the 
space integral of the charge density on the edge Je\{z) = 

^/VhJ{z), proportional to the normalized m(1) current J{z) 



and has the following (short-distance) operator product 

expansion^^''^^''^^ 



/el 



/ 27ti 



Vh 



The modular parameters q and ^ entering Eq. (3) are generi- 
cally restricted for an annulus sample by the convergence con- 
ditions 



< ImT ■ 



and their real and imaginary parts are related to the inverse 
temperature, chemical potential and Hall voltage^''. For the 
disk FQH sample, however, both T and C, have to be purely 
imaginary in order for the partition function Eq. (3) be real. 
Before we establish the exact relation between the modu- 
lar parameters and the physical quantities for the disk FQH 
sample we need to recall some of the general properties of 
the corresponding CFTs. The characters Xxi.^^ C) in Eq. (3), 
like those in any rational CFT, belong to a finite dimen- 
sional representation of the fermionic subgroup of the mod- 
ular groupi'-i^'^' PSL{2,Z). However, in the FQH context 
there are two more conditions to be satisfied'^: the annulus 
partition function, which is a bilinear combination of the char- 
acters Xxi'^^Q ^nd their complex conjugates, must be also 
invariant under the U and V transformations of the modular 
parameters'^. The first one simply shifts the parameter ^, i.e., 
U : ^ — > ^ -h 1 and the second acts as follows 



(5) 



It is remarkable that the V transformation (5) exactly repre- 
sents the Laughlin spectral flow'^-'^ in the CFT context, i.e., 
the mapping between orbitals, corresponding to increasing the 
orbital momentum by 1 (in the LaughUn FQH states), after 
adiabatically threading the sample with one quantum of AB 
flux. As a result of this flow a fractional amount of electron 
charge is transferred between the edges of the annulus, which 
is the basic mechanism inducing the Hall current. 

Adding AB flux in the FQH system naturally introduces'^^ 
twisted boundary conditions for the field operators of the elec- 
tron and the quasiparticles and also modifies the Hamilto- 
nian (4). The ultimate effect of this twisting^' on the parti- 
tion function is that the modular parameter ^ is shifted'*' with 
an amount proportional to the modular parameter T and the 
coefficient of proportionality has to be identified with the AB 
flux threading the surface of the FQH sample. This coefficient 
can be computed through the phase that the electron operator 
accumulates when traveling along the FQH edge encircling 
the AB flux (f>. In other words, within the rational CFT frame- 
work, the arbitrary flux (0) threading procedure is represented 
by the following transformation'^''^ 



(6) 



(z-w) 



2 • 



This generalization of the V transformation (5) is obviously 
consistent with the interpretation of the latter as the Laughlin 
spectral flow. More intuitively speaking, since the V trans- 
formation, Eq. (5), was originally interpreted as increasing 
the AB flux by one unit, the transformation (6) should mean 
increasing the flux by the value (j) (in units (^o)- Note that 
Eq. (6) was used to compute the chiral persistent currents in 
the Laughlin FQH states reproducing the well-known result^, 
see Appendix B in Ref.'^. 
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We shall set ^ = in Eq. (6), which corresponds to zero 
magnetic field (measured with respect to the uniform back- 
ground magnetic field). Taking into account the interpretation 
of Eq. (6) and choosing the conventional temperature unit Tq 
from Ref.^ we make the following identification of the mod- 
ular parameters in the context of a disk FQH sample threaded 
by AB flux ^ 



: iK- 



hvF 



(7) 



In the above equation T is the absolute temperature, L = 2nR 
is the circumference of the edge, fee the Boltzmann constant 
and the magnetic flux threading the FQH disk sample. 

The important observation'*' of Cappelli and Zemba is that 
the CFT partition function for the annulus sample is not V- 
invariant alone'^ since the CFT characters Xx in Eq. (3) 
change their absolute values after the transformation (5). In 
order to preserve the norm of the characters Xi, hence re- 
store their V-covariance, these authors introduce special non- 
holomorphic exponential factors 



exp -nVH 



(ImO^ 
ImT 



(8) 



multiplying the characters Xxi'^^Q '^ Eq. (3), which we shall 
call the Cappelli-Zemba (CZ) factors. In the same way the 
total chiral partition function Z(t, C,) in Eq. (3) becomes V- 
invariant only after multiplying the characters with the CZ 
factors (8). One consequence of the V-invariance condition 
is that one has to include all twisted sectors which are con- 
nected by the action of the spectral flow Eq. (5). This restricts 
the chiral partition function for the disk FQH sample to have 
the "diagonal" form like in Eq. (3). The physical interpre- 
tation of the multiplication with the CZ factors (8) is adding 
constant (capacitive) energy to both edges which makes the 
ground state energy independent'^ of the edge potential Vq. In 
the next sections we are going to show that the CZ factors 
play a fundamental role in the equilibrium thermodynamic 
phenomena, such as the persistent currents and AB magne- 
tization. We believe that they could also be crucial in various 
transport processes. 



B. Partition function for the lik parafermion FQH states 

The CFT for the parafermions, which is denoted by^^'^^ 

(«(r)ePF,)'\ pF,=SMi^SSi (9) 

contains a factor describing the charge/flux degrees of 
freedom and a neutral parafermionic factor which is realized 
as a diagonal affine coset^^. Both factors are subjected to a "L^ 
selection rule called the pairing rule^^, which states that an 
excitation 

. e ^/umv'- ■ (g) $(2) 



of the PF^. model with labels (A , <J>) , where (p is the m ( 1 ) chiral 
boson, A is the corresponding m(1) charge label and 4> is a 
parafermion (primary) field^^'^^, is legitimate only if 

= A mod k, 

with P being the parafermion Z/^ charge. The independent 
characters Xi,p of the chiral CFT (whose number gives the 
topological order) for the parafermion FQH states in the 
second Landau level^^ are labeled by two integer numbers 
/ mod k + 2 (symmetric around / = 0) and p = 0,. . . ,k — I 
with the restriction p>l — p mod k 



k-l 



XlA^, C) = L ^:/+,(i+2)(T,/:C;^(^+2))ch (A,. 

s=0 



-p+s + Ap 



(10) 



and the complete chiral partition function is defined as 



(ImCr 



L L z/,p(t,c), 

/ mod k+2 p>l—p mod k 



(11) 

where we have written the CZ factors (8) explicitly. The ra- 
tional torus partition functions^^ Ki represent the contribution 
of the charged sector 

Ki{T,^;m) = I ^?(«+^)'e2-f("+^), (12) 
where tj is the Dedekind function^^ 

00 

Tj(T)=^^n(i-^")' (13) 

n=l 

while the neutral characters ch(A^ -|- Ap) which are labeled^^ 

by the su{k)2 weights A^ +Ap with 0<;U<p<^— l,are 
expressed in terms of the so caUed universal chiral partition 
functions^^ ch§ with the identification Q = p, a = p — jx 



chg(T)=^^--^ £ f- 

ni,n2,-,ns:-l=0 '^^''"1 ' ' ' ^^''^k-l 
[n]=Q mod k 



Q>o. 



(14) 



In the above equation, n = [m^ni,--- is a A; — 1 com- 



ponent vector with non-negative entries, [n] = L /«, is its k- 

1=0 

ality. 



A„=aP''(Ao + A„) = 



a{k-a) 
lk{k + l) 



(15) 



22 



is the CFT dimension of the PF^ primary field labeled by 
Ao + AcT' <^PF = ^t+i parafermion central charge, 

{l)n = n (1 ~ Q^) C is the inverse of the su{k) Car- 
7=1 

tan matrix. 

In order to compute the partition functions with AB flux, 
we have to apply the flux transformation (6) to the partition 
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function (19). To this end we shall use the following important 
property ''^^ of the TT-functions 

= s-''^H^^^Ki+„„^{T:,nH^;nHdH) (16) 
applied for ^ = 0. 



III. PERSISTENT CURRENTS AND MAGNETIC 
SUSCEPTIBILITIES 

The equilibrium thermodynamic chiral persistent current in 
the disk FQH system can be computed directly from the CFT 
partition function (3) as follows 



I{TA) = [^)kBT-^]nZ{T,(l>T), (17) 



where the temperature T and the AB flux (p are related to the 
modular parameters t and ^ according to Eq. (7). More ex- 
plicit formulas for the chiral partition functions (11) and (10) 
for the parafermion FQH states, before and after threading the 
sample with arbitrary AB flux, can be found in Ref.^^'^*'. 

We have computed numerically the persistent currents us- 
ing the definition Eq. (17) and the explicit formulas Eqs. (11), 
(10), (12) and (14) for the characters of the parafermion FQH 
states. All computations have been performed with unlim- 
ited number of terms for the partition functions (12) and finite 
number (10^, with k = 2,3 and 4 respectively) of terms for 
the partition functions (14). The plots of the persistent cur- 
rents profiles in the PF^t states with k = 2, 3 and 4 and AB 
flux in the range — l/2<(^<l/2for temperature J / Jq = . 1 
are given on Fig. 1. According to the discussion in Sect. II A, 
the partition function (11) constructed for the PF/. states must 
be invariant under the V transformation Eq. (5), which im- 
plies that the corresponding chiral persistent current should 
be periodic in (j) with period at most 1. The plots in Fig. 1, 
indicate that all currents are periodic in (j) with a period ex- 
actly one quantum of flux (h/e). We do not see anomalous 
oscillations with fractional flux periodicity"*^ of the persistent 
currents^ ^■^^'•'^ in the k = 2, 3,4 PFj. states for all temperatures 
0.03 < T /To < 14 that we could access numerically. This is 
in perfect agreement with the Bloch theorem, known also as 
the Byers-Yang theorem^"* in the context of superconductors. 
Notice that the persistent currents for the Read-Rezayi FQH 
states have been shown in Ref.^^ to have anomalous oscilla- 
tions for M = with periods smaller than 1 , however we argue 
that this case is physically irrelevant and has only been used 
in Ref.'^'^ as a technical tool for investigating the wave func- 
tions for the PF^ states. One of the objectives of this paper 
was to show that the periods of the persistent currents for the 
PFjt states are exactly 1 for all non-zero temperatures. 

It is more realistic to consider the edge of a FQH disk sam- 
ple as a very thin ring (with inner radius Rin and outer one 
/?out) rather than just a circle, in which case R is the average 
radius of the ring R = {Ri„ +/?out)/2. Under the assumption 
that the width w = ^out — ^in of the ring and the thickness d 



FIG. 1: Persistent currents in the A: = 2,3 and 4 parafermion FQH 
states, as functions of the magnetic flux within one period, computed 
numerically for T/Tq = 0.1. The flux is measured in units h/e and 
the current's unit is evf /L. The period is 1 flux quantum for all states 
and the amphtudes are " = 0.207, = 0.245 and I'^^ = 0.268. 
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of the physical 2-dimensional electron layer are much smaller 
than the ring's circumference L, the magnetization of the FQH 
ring, like all thermodynamic quantities, can be expressed as a 
function of the magnetic flux (not of the magnetic field alone), 
and becomes simply proportional to the persistent current, i.e.. 



M{T,<1>) 



1 dF{T,(l,) 
Vol dB 



4nwd 



where Vol = 2nRwd is the volume of the physical meso- 
scopic ring (with finite w and d) and we have used d / dB = 
nR^ipQ^ d/d(j). Furthermore, the (isothermal) magnetic sus- 
ceptibility is proportional to the derivative of the persistent 
current with respect to the flux 



K = 



dM 
dH 



H=0 



e , dM 



(18) 



((1=0 



The magnetic susceptibilities for the parafermion FQH states 
with k = 2,3 and 4 have also been computed numerically and 
they also show periodicity with the flux with a period of one 
flux quantum exactly for all temperatures 0.03 < T /Tq < 14. 
The plots of the susceptibilities for temperature T /Tq — 0.1 as 
functions of the flux within the range < ^ < 1 are given on 
Fig. 2. We have chosen a different flux range in Fig. 2 in order 
to show the entire pick at (j) = 1/2. 

The amplitudes of the persistent currents in the parafermion 
FQH states with k = 2, 3 and 4, according to our compu- 
tations, decay exponentially with temperature, as shown in 
Fig. 3. Notice that, in order to compute these amplitudes 
we first analytically differentiate the logarithm of the parti- 
tion function (11) with respect to 0, according to Eq. (17), 
to get the persistent current I{T,(p), then differentiate analyt- 
ically again with respect to (j) and finally solve numerically 
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FIG. 2: Magnetic susceptibilities in the = 2, 3 and 4 parafermion 
FQH states, as functions of the magnetic flux within one period, com- 
puted numerically for T/Tq = 0.1. The flux is measured in units h/e 
and the susceptibility unit is Vf ^ , where w and d are respec- 
tively the finite width of the ring and the finite thickness of the 2 di- 
mensional electron layer. The period is 1 flux quantum for all states. 
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FIG. 3: Temperature decay of the persistent current's amplitudes in 
the k = 2,3 and 4 parafermion FQH states (without the contribution 

from the two v = 1 Landau levels with opposite spins) computed 
numerically in units evf/L, for temperatures measured in units of 
T[). The zero temperature amplitudes in these units are Vj:/2, i.e., 
1/4,3/10 and 1/3 respectively. 
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dI{T, ^)/d<j) = 0m the interval - 1 /2 < ^ < to find the po- 
sition of the maximum. The positions ^max of the maximums 
of the persistent currents, for k = 2,3 and 4 respectively, have 
been also plotted as functions of temperature on Fig. 7 and a 
more detailed discussion of this issue will be given in Sect. VI. 
The same three curves of Fig. 3, however within the full com- 
putational range of temperatures 0.03 < T/Tq < 14, have been 
also plotted in a (semi-) logarithmic plot on Fig. 6; the plots on 



Fig. 6 look almost linear, which means almost exponential de- 
cays for the amplitudes themselves. Each of the three curves 
on Fig. 6 contains 147 points and each point would need about 
280 seconds (on average) to compute using MAPLE-8 on a 2 
GHz class PC. 

FIG. 4: Temperature decay of the (zero-field) magnetic susceptibility 
in the k = 2,3 and 4 parafermion FQH states computed numerically 
in dimensionless units ^f^j-^, where w and d are respectively 
the finite width and thickness of a realistic 2D electron layer. The 
zero temperature susceptibilities in these units are exactly — Vt, i.e., 
— 1/2, —3/5 and —2/3 respectively. 



0.0 0.5 1.0 1.5 2.0 2.6 3.0 

0.0-1 i 1 i 1 i 1 . 1 . i _:___J 




-0.7-1 



The magnetic susceptibilities (18) also decay very fast with 
temperature as shown on Fig. 4, for the k = 2, 3 and 4 PF^^ 
states. Moreover, since the susceptibiUty is a derivative of 
the persistent current, its temperature behavior determines the 
decay-type of the amplitude of the persistent current. It could 
be seen from Fig. 4 that there are two different temperature 
regimes in which the persistent currents' amplitudes decay in 
different ways. Note that the function k{T) has an inflection 
point close to Tq which can be interpreted as the crossover 
temperature between the two regimes. As we shall see in more 
detail in Sects. IV and V, there are indeed two different mech- 
anisms for the temperature decay of the amplitude (cf. Ref.^). 
The first one, for J <C Tq is due to mixing of contribution 
of levels in an energy interval ksT which reduces the current 
since adjacent levels give opposite contributions^. The energy 
scale for this mixing is set^ by the energy gap. The second 
mechanism, which is essential for the current at temperatures 
higher than To, is a thermal smearing due to the reduction of 
the phase coherence length^ L(p which makes the current van- 
ish exponentially in L/L(p. A more detailed discussion of this 
point will be given in Sect. V. 



IV. LOW-TEMPERATURE REGIME: T < Tq 

In this Section we are going to find analytic expressions for 
the persistent current's amplitudes and magnetic susceptibili- 
ties for the PF^ states in the limit J ^ 0. Our low-temperature 
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analysis would be valid for a class of FQH states which is 
larger than the parafermion states in the second Landau level. 
It would be based on the natural assumption that the CFT 
dimension of the fundamental quasihole is the minimal one 
allowed in the CFT, which is of course fulfilled in the PFjt 
states^^'^^. 

The low-temperature Umit T ^0 corresponds to the trivial 
limit ^ ^ 0. Therefore we can keep only the first terms in the 
disk partition function (11) which, under the above mentioned 
assumption, come from the vacuum character and from those 
with the minimal non-trivial CFT dimension, i.e., from the 
sectors containing one quasiparticle (qp) or one quasihole (qh) 
so that 



sion for the persistent current f or | ^ | < 1/2 



I{T,(I)) ^^^^ -J- I ~Vh(I>+2Q^i,c W sinh \^2k'^Q^^^ 



A. The persistent current's amplitude for T = 

For T = the second term in the curly brackets in Eq. (22) 
vanishes expressing the fact that for zero temperature the free 
energy is determined by the ground state energy. Then the 
persistent current is a linear function of the flux 



-KVh 



Tsrr \Ko{T,nHC;nHdH)cho{T)+ 



I{0,(p) = -VH^-^(l> 



for 



1 

2< 



1 

<2 



(23) 



Ki{T,nH;;nHdH)c\b{T)+K.i{T,nH;;nHdH)ch^{T) ) ,(19) andriches its maximum 



where Vh, tin and du are defined in Eq. (1) and the exponent 
in front of the parentheses is the CZ factor (8). Here we have 
denoted by chqh = ch (Aq + A; ) and chqp = ch (Ag + A^. j ) the 
coset characters corresponding to the neutral components of 
the quasiparticle and quasihole in the PF^^ states. 

Since, in order to compute the persistent current, we intend 
to differentiate with respect to according to Eq. (17)), we 
shall skip the (^-independent factors containing the 7] -function 
and the central charge, which after taking the logarithm will 
give rise to additive flux-independent terms that will drop out 
after differentiation. Applying Eq. (16) in order to incorporate 
the AB flux and keeping only the first terms in Eq. (19) we can 



wnte' 



47 



Z{T, <l>) ? ^ ^ { 1 + A (^^"^'^ + ^"^"^^ ) } = 
= s-''^i>-^H'P^ J 1 +2e"^ cosh (27i^^Qqh<t>) \ (20) 



where 



fiqh = 2n fcfiTbAqh, Aqh ■■ 



2nHdH 1'" 



Gqh 



+ 2 
(21) 

In the above equation Sqh is the effective proper quasihole 
energy^'^^ (defined at fixed density), Aqh is the total CFT di- 
mension of the quasihole (with A^^' being its neutral com- 
ponent) and Qqh is the quasihole' s electric charge. The neu- 
tral CFT dimension A^^' = {k- l)/{2k{k + 2)) of the quasi- 
hole for the PF;t states is obtained from EQ. (15) for (7 = 1. 
In the derivation of Eq. (20) we have kept only the leading 
terms in the (neutral) coset characters cho(T) ~ q^, chqp(T) = 

chqh(T) ~ (7 ih for q ^ Q (again dropping the central charge 
term). Notice that the partition function (20) is finite in this 
approximation^^ . 

Next, we take the logarithm of Eq. (20) and differentiate 
with respect to (j) like in Eq. (17) to get the following expres- 



1 evp 
2^^ — 



for T = 0. 



at (j) = —1/2. By periodicity, the current Eq. (23) could be 
continued to any value of the magnetic flux, which gives rise 
to the so called saw-tooth curve. The peak-to-peak value of 
the amplitude evp/L for the mesoscopic sample of Ref.^, for 
which vp ~ 2.6 x 10^ m/s and R ~ 2.1 nm, is approximately 
5nA. 

The zero-field magnetic susceptibihty (see Eq. (28) below) 
at zero temperature 

has absolute value of the order of 10""* for the sample of Ref.^. 

Remark 1. The CZ factors (8) completely determine the 
zero-temperature behavior of the FQH system. In particular, 
they modify the ground state energy in presence ofAB flux and 
therefore fix the zero-temperature behavior of the persistent 
current and magnetic susceptibilities. 

We stress that Eq. (23) and Eq. (24) are derived entirely 
from the CZ factors and are therefore valid for all FQH states. 
They clearly show that the persistent currents in mesoscopic 
FQH edges are diamagnetic with respect to the AB flux at 
zero temperature. Our analysis for T > showed that the 
persistent currents in the parafermion FQH states remain 
diamagnetic for all numerically accessible temperatures 
0.03 <T/To< 14, as illusfi-ated on Fig. (1), Fig. (2) and 
Fig. (4). A similar phenomenon has been recently observed 
in a series of experiments with small numbers of metallic 
mesoscopic rings^^. A natural explanation of this result 
could be given by the Lenz rule for the Faraday induction: 
for polarized FQH states, where the magnetic degrees of 
freedom are frozen by the huge background magnetic field 
corresponding to a FQH plateau, the only response of the 
FQH system to the change in the flux is the magnetization 
persistent current, which creates magnetic field that is always 
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opposite to the direction of the changes of the magnetic field 
that have created the current. On the other hand, the magnetic 
flux <j) entering Eq. (7) is actuafly the difference between the 
total magnetic flux and that of the background magnetic field. 
Since the SQUID detectors measure exactly the oscillating 
part of the persistent current, when the flux (p is changed 
adiabatically, we expect that its magnetization should always 
be opposite to the direction of the changes of the flux. This 
may explain why the derivative of the persistent current is 
negative at (j) = 0. In FQH states that are not completely 
polarized an eventual paramagnetic component could be 
dominant. 

Remark 2. In principle the the persistent currents in the FQH 

states are paramagnetic for even parity and diamagnetic 
for odd parity of the number of electrons in the mesoscopic 



IS 



ring 



37-39 



However, the parity of the electron number is not 



well-defined in the experimental setup ofRef? so that one has 
to average over the electron parity. For example the average 
of the two currents in Eq. (14) in Ref.^^ gives \/2evf/L 
which coincides with the CFT prediction for the persistent 
currents in the thermodynamic limit. 

Another interesting analogy can be made with the ampli- 
tude of the current (23). It is known* that the zero tempera- 
ture of the (disorder and sample averaged) persistent current 
for ballistic systems is proportional to the Thouless energy 

\I{^)\ = jEt^, for T = Q 
h 

and ^ measured in units of ^q. On the other hand the ratio 
of the Thouless energy and the level spacing A = hlnvp/L, 
which is known as the Thouless number g, gives the dimen- 
sionless conductance. In our case this number coincides with 
the dimensionless Hall conductance 



Ej = Vnh - 



2nvp 



Ef 

8 = ^ = yH. 



B. The persistent current's amplitudes for T > 

According to Theorem 3 in Ref.^^ the partition function of 

the system should be an even periodic function of the flux (j) 
with period 1. Therefore the persistent current (17) must be 
an odd function with period 1 so that it would be enough to 
consider the half interval — 1 /2 < ^ < and continue it as an 
odd function 7(0) = — /(— 0). Writing the sinhinEq. (22) into 
its exponential form and ignoring exp{2n^ToQqh(j> /T) which 
vanishes in the Umit J ^ since (j) is negative, we get 



(25) 



<^>max(r) 



Aqh 



2n^Qcih To 



Vh 



(26) 



Substituting Eq. (26) into Eq. (22) and using the charge- 
statistics relation^*'^^ 2 Aqh = Qqh, as well as the value of the 
proper quasihole energy Eq. (21), we get the following low- 
temperature asymptotic expression for the amplitude 



r<ro 



evf 



2% 



1-hln 



1 2£ 



qh 



riH ksT 



(27) 



Eq. (27) tells us that the persistent current's amplitude in any 
FQH state, satisfying the condition formulated in the begin- 
ning of Sect. IV, decays logarithmicaUy (for T <C 7b) with in- 
creasing the temperature due to the probability for thermal ac- 
tivation of quasiparticle-quasihole pairs, which flowing to the 
opposite edges reduce the corresponding edge charges hence 
the radial electric field that is responsible for the appearance 
of the (axial) persistent current. Indeed, the negative sign in 
front of the proper quasihole energy in Eq. (27) implies that 
the thermally activated quasiparticles contribute to the current 
in the direction opposite to that of the ground state's current, 
i.e., reducing the amplitude as stated in Ref.^. The character- 
istic energy for this effect is twice the proper quasihole energy 
Eqh, which plays the role of the energy gap in the absence of 
disorder. 

The low-temperature asymptotic expressions (27) for the 
amplitude of the persistent currents in the PF^^ states with 
A: = 2, 3 and 4 are compared in Fig. 5 to the corresponding 
exact quantities computed numerically. This figure shows that 



FIG. 5: Low-temperature asymptotics of the persistent current's am- 
plitudes in the k = 2,3 and 4 parafermion FQH states, computed nu- 
merically (A: = 2 N, 3 N, 4 N) and analytically (A: = 2 A, 3 A, 4 A) 
from Eq. (27), in units evp /L. The zero temperature amplitudes are 
in these unit, i.e., 1/4,3/10 and 1/3, respectively. 
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In order to find the local maximum of the function /(T',^) 
for fixed T we have to solve the stationarity equation 
dI{T,(l))/d(l) = and its unique solution for — 1/2 < < 



the asymptotic formula Eq. (27), for the amplitudes of the per- 
sistent currents at low-temperature, is an excellent approxi- 
mation for r/ro < 0.1. In addition, the asymptotic expression 
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Eq. (27) allows us to compute the derivative of the amplitude's 
temperature decay for T 0. While it may seem reasonable 
to expect that the amplitudes become temperature independent 
for r ^ 0, Eq. (27) shows that the derivative dIinsa.{T)/dT 
diverges logarithmically at zero temperature. 

Applying the definition (18) to the low-temperature asymp- 
totic form (25) of the persistent current we obtain the follow- 
ing low-temperature expression for the magnetic susceptibil- 
ity (for <j) = 0) 



K{T) ~ VF — - 

r<ro 47t h wd 



-Vh 



-2?r'G^hf exp 



£qh 



(28) 

where w and d are respectively the finite width of the ring and 
the finite thickness of the 2D electron layer The first term in 
the curly brackets in the above equation gives the zero tem- 
perature susceptibility (24) and its negative sign expresses the 
fact that the persistent currents in the mesoscopic FQH edges 
are diamagnetic, which is in agreement with the discussion 
in Sect. IV A. The second term expresses the reduction of 
the magnitude of the (zero field) susceptibility k due to ther- 
mal activation of quasiparticles. We see from Fig. (4) that 
the zero-field magnetic susceptibility remains negative for all 
temperatures and approaches zero from below for T ^Tq. 



FIG. 6: Logarithmic plot of the temperature dependence of the per- 
sistent current's amplitudes in the A: = 2,3 and 4 parafermion FQH 
states computed numerically for temperatures in the range 0.03 < 
T/To < 14 
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parafermion cosets. 



V. HIGH-TEMPERATURE REGIME: T > Tq 

In this section we shall find asymptotic expressions for 
the persistent currents in the A: = 2, 3 and 4 parafermion 
FQH states at temperatures higher than Tq. The logarith- 
mic plot of the persistent current's amplitudes for the range 
0.03 < T /Tq < 14, which is given on Fig. 6, shows that for 
T > To the logarithmic amplitudes decrease almost linearly 
with T, which means that the amplitudes themselves decrease 
exponentially. Before we derive the high-temperature asymp- 
totics, based on the CFT partition functions for the edge states, 
let us first announce the result: for T the persistent cur- 
rents amplitudes for the A: = 2, 3 and 4 parafermion FQH states 
decay exponentially with temperature according to 



r>ro 



T \ 



To J 



exp ~ak 



■To 



(29) 



where are constants and the universal exponents can be 
written explicitly in the form 



Vh k + z 



(30) 



where Vh is the filling factor (I) and A^^* (Aq -|- A2) is 
computed from Eq. (15) for (7 = 2. 

Remark 3. It is worth-stressing that the universal exponents 
(30) for the PF^t states are not simply equal to the inverse 
of the filling factors like it is in the Laughlin states^'^^'*^ 
{see Eq. (2)). There are crucial contributions coming from 
the neutral sectors which are described here by the T.^ 



Now, let us describe in more detail our analytic computa- 
tions for the high-temperature regime of the persistent cur- 
rents in the PF^t states. The high-temperature hmit T ^ 00 
(unlike the low-temperature one) is rather non-trivial since the 
modular parameter q = e\p{—27r^To/T) ^ 1 is going out- 
side of the convergence interval for the partition functions 
and therefore cannot be taken directly. In our case however, 
one could use the advantage that the complete chiral partition 
function is constructed as a sum of rational CFT characters, 
which are covariant under the modular ^-transformation^^^^, 
i.e., 

N 
X'=l 

where the modular parameters (t, Q and (t',^') are related 
by 



S: 



(31) 



and Sxx' is called the modular S-matrix^^. In other words, the 
5-transformation could be used to relate the high-temperature 
and low-temperature hmits of the partition function. Note that 
according to Eq. (3 1 ) the usual common phase factor^^ in front 

of the S matrix Sxx' is trivial since exp 

1 . Now the new modular parameter q' vanishes in the high- 
temperature limit 



: e'^^i^ = exp ( - ^ when 



(32) 



10 



so that it would be enough to keep only the leading 
terms. The partition function (3) transforms under the 5- 
transformation (31) as follows 

X=l X'=l 

The quantities Fx = YIx'=i '^AA' shall play an important role in 
what follows. Since the complete CFT contains a u{l) factor 
it turns out that Fx^O only if the electric charge of the rep- 
resentation with label A is zero, i.e., Qs\{X) = 0. In particu- 
lar, Fo = ^00 E^i Di, where D,- = Soi/Soo > are the quantum 
dimensions'^ of the topological excitations of the FQH fluid. 

The explicit form of the modular S matrix for all 
parafermion FQH states could be obtained'^^ when taking into 
account the Z/^ pairing rule and the tensor product structure, 
Eq. (9), of the parafermion coset CFT. Here we only give the 
final results that we need for the computation of the persistent 
currents in the A: = 2, 3 , 4 PFyfc states at higher temperatures. 



A. k = 2 

The 5-matrix for the PF2 model is labeled by the pairs (/ , p ) 
where — 1 < / < 2 and p = 0, 1 with the restriction p > / — 
p mod 2. Using the expUcit form of the S matrix computed 
according to the general scheme described in'^ we find that 



'=-1 p'>i'-p' 



i'',p') 



V2+I for / = 0, p=0 

V2-I for /=0, p = l 
otherwise 



Notice that the 5-matrix for the PF2 state, which is known as 
the Pfaffian FQH state, has been explicitly given in a number 
of papers, see e.g. Ref.^' and the references therein. Thus, the 
chiral partition function (1 1) for A: = 2 after the S transforma- 
tion (31) can be written as 

Z2(r,</.) = iV2+ 1)zo,o(t', C) + (V2- 1)Zo,i(t', C) = 
~ (V2-hi)/:o(T',2C';8) + (V2-i)/:4(T',2C';8), 

where we have dropped out a multiplicative (^'-independent 
term proportional to the central charge, substituted the neu- 
tral characters with their leading terms ch(AQ + Aq) (t') ~ q'^, 

ch(Aj +Ai)(t') ~ q'^^^ and ignored q'^^^ as compared to q'^ 
since q' ^0 when T ^ 0°. Next, again dropping the rj func- 
tion (13) and taking only the leading terms in the K functions, 
i.e., n = for Xo(8) andn = 0,-1 forZ4(8) one gets 



Z2{T,<i>) 



r>ro 



(Vl+l) (l+2(^^]q'cos{27to). 



Substituting q' and ^' with T and (j) according to Eq. (31) 
and Eq. (32), using the approximation ln(l +X) c± X for 
X I and taking the derivative with respect to (p according 
to Eq. (17) we get the following high-temperature asymptotic 



expression for the persistent current {In^kBTa /<j>o = evp/L) in 
the PF2 state 

l2iT,<j)) ^ -72(r)sin(27r(^), 

^2m = ^i(^)iexp(-2|). (33) 

Eq. (33) is in agreement with Eqs. (29) and (30) with a2 = 
2 being exactly the inverse of the filling factor This is an 
accidental exception from the statement in Remark 3 (and in 
fact the only one in the entire PF^ hierarchy) since for k = 2 
the parafermion CFT dimension A'''^(Ao -|- A2) = 0. 



B. k = 3 

For this case the sums of the -S-matrix elements are found 
to be22.26 



' ^(sin(f)+3sin(^)) for Z = 0, p = 
^(3sin(f)-sin(f)) for / = 0, p = 2 







otherwise 



(where -2 < /' < 2, < p' < 2 with p' > I' - p' mod 3) so 
that the partition function (11) for A: = 3 becomes 

Z3(r,0) = F'^'xOfiiT',C')+F'^ho,2{T',C')- 

^ /^o(T',3C';15)(FOV + f°'V'^') + 

+ /^5(t',3C';15) (foV^^+fO-V'^") + 
+ /5:-5(t',3C'; 15) (f^'Y^'+f^'Y^'') , 

where we have used (skipping the central charge term in the 
characters (14) like in the previous subsection) that ch(AQ -|- 

Ao){t') q''\ ch(Ao+Ai)(T') =ch(Ao+A2)(T'):^.^'^/^^ 
ch(Ai + Ai)(t') = ch(A2 + A2)(t') ~ q'^^^ and ch(Ai + 
A2)(t') ~ q'^^^. Keeping only the lowest powers in q' 0, 
ignoring the Dedekind function (13) and taking only n = in 
the K functions we get 

Z3(r,^) ^^^^ F«.«(l+2gJ,'^l^/^-^^/'^lcos(2;.C')) 

To get the persistent current in the high-temperature limit we 
apply the same scheme as for A: = 2 in Sect. V A which yields 

h{T,(P)^^-hiT)sm{2K(P), 

^3(n = ^i(gTl)iexp(-^[f + ^]), (34) 

where we have transformed the ratio F^'^ /F^'^ in the form 
D-\ 



with D = 2 cos 



(f) 



being the quantum dimension'^'' of the elementary quasihole 
in the PF3 FQH state. 
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C. k = A 

The -S-matrix elements for the PF4 FQH state have been 
computed in Ref The quantities F^'P can be written as fol- 
lows 



7l,P - 



;'=-2 p'>l'-p' 



2 + V3 for / = 0, p = 

{i,P) ^ ) 2-\/3 for 1 = 0, p = 2 

C'P') 1 1 for / = 0, p = 3 

otherwise 



so that the partition function (11) for k = 4 becomes 

Z4(r,(/)) = 



^0.2^/A''P(2.2) 



+Ke{24) (^0,0^,APF(M) ^^o,2^,APF(3,3) ^^0,3^,aPP(0,2)^ ^ 
+K.e{24) 0,0^,AP-(3,3) ^^0,2^,AP-(l,l) +^0,3^,AP-(0,2)>J ^ 

where /r/(24) =: /:;(t',4i^';24) and we have used ch(A^ + 

Ap)(T') ~ q'^''^^'P\ with APF(0,0) = 0, APP(0,2) = 1/12, 
APP(1,1) =APF(3,3) =3/4, APP(1,3) = 1/3, APF(2,2) = 1, 
again skipping the central charge term in the characters (14). 
The explicit form of the CFT dimensions A''^(;U,p) for the 
parafermion coset PF/^, defined in Eq. (9), can be found in 
Ref.22. 

Keeping only the lowest powers in ^' — > 0, ignoring the 
Dedekind function (13) and taking only n = in the K func- 
tions we get 

Z,{T,(I>) ^ F0'0 + 2F0'3^'^+^''("'2)cos(27rC') 
r>ro 

To get the persistent current in the high-temperature limit we 
apply the same scheme as in Sect. V A obtaining 



1 >-/o 



1 



2+V3/ Tq 



T ( T 

7A ^^P [ ^ 7b 



12. 



(35) 



Finally, we can extrapolate the high-temperature results 
Eqs. (33), (34) and (35) for the A: = 2, 3 and 4 PF;^ states to 
the entire parafermion hierarchy. The universal exponent (30) 
for any FQH state can be extracted from the CFT operator 
content and the modular S-matrix. In our case, the analysis 
in Sects. VA, VB and VC implies that the neutral contri- 
bution to the exponent is exactly equal to twice the minimal 
CFT dimension of the neutral field, that we shall label by A^, 
whose character is coupled to /Cj-jt+2(l'', -|- 2)), i.e., 

a = 1/vh + 2A^^(A^), where A^ is determined^^ from the 
pairing rule condition 

P\A^]=k + 2 mod k with A^^{A^) = min . 



For the PF;^ states P is the Zj. charge and it is easy to see 
that A^ = Aq + A2 for all k in the above equation and that the 
formula (30) for is valid for all parafermion FQH states. 



Instead of plotting together for comparison the analytic 
high-temperature asymptotic curves and the exact numerical 
ones (the latter being shown on Fig. 6), we have computed nu- 
merically the values of and for the ^ = 2, 3,4 PF states 
by Least-Squares Linear Regression of the logarithmic am- 
plitude ln(4(r)) — ln(r/ro) over 80 points in the interval 
6 < T /To < 14. It is worth-noting that after subtracting the 
ln(r/7o) contribution from the (numerical) logarithmic am- 
plitude the latter becomes an almost perfect straight line as a 
function of T. The exact and numerical values of the expo- 
nents Uk (the slopes in the logarithmic plots) and the asymp- 
totic amplitudes (the extrapolated y-intercepts) for the first 
several PF<, states are summarized in Table I. 



TABLE I: The slopes and the y-intercepts (in units evp /L) of 

the logarithmic plots in the high-temperature region for the k — 2,3,4 
PF states. The numerical values have been extracted from the nu- 
merical data for 6 < T /To < 14 using the Least-Square linear regres- 
sion while the corresponding exact quantities have been taken from 
Eqs. (33), (34) and (35). 



k 


a* 


1? [evF/L] 


numeric 


exact 


numeric 


exact 


2 


2.00071 


2 


0.11025 


i2/n)iV2-l)/iV2+l) 


3 


1.80001 


9/5 


0.15031 


(2/7r)(2cos(;c/5) - l)/(2cos(;r/5) + 1) 


4 


1.66631 


5/3 


0.16983 


(2/;r)/(2 + ^/3) 



The amazing overlap between the exact and numerical values 
of aic and shown in Table I gives us the conviction that the 
leading order approximations made in Sects. VA, VB and 
V C are fairly reasonable and the belief that the modular S- 
matrix could play an important role in the computation of cer- 
tain thermodynamic quantities. 

Eq. (29) suggests the existence of another mechanism 
which reduces the persistent currents amplitudes at high tem- 
perature, as aheady mentioned at the end of Sect. 111. The 
point is that the finite temperature introduces a length scale^, 
the thermal length Lj = hvf /kgT and when, for higher tem- 
peratures this length becomes smaller than the circumference 
L of the ring the persistent currents vanish exponentially with 
L/Lj due to decoherence effects. Following the convention of 
Ref.^ we take as a characteristic temperature 7b according to 
Eq. (7) so that 



T 



Lt 



and the relation with the coherence length can be esti- 
mated as Lj ~ 2nL,f for the experimental setup of Ref.^ at 
r = 15 mK. 



VI. THE PERIODS OF THE PERSISTENT CURRENTS 
FOR THE PF STATES 

The low- and high- temperature asymptotic s of the per- 
sistent currents investigated in Sect. IV and Sect. V as well 
as the numerical calculations performed for temperatures in 
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the range 0.03 < T /Tq < 14 unambiguously show that these 
currents are periodic functions of the AB flux with period 
exactly one flux quantum. This is in agreement with the 
Bloch-Byers-Yang theorem discussed in the Introduction. On 
the other hand, our result is at variance with recent theoreti- 
cal proposals^^'^^ that the currents have fractional period 1 /k 
for the PFj. states (without contradicting the Bloch theorem). 
Note that a fractional periodicity, such as 1 /2, 1 /3 etc., of the 
persistent currents would be a signal for some broken con- 
tinuous symmetry'*^. However, in incompressible (i.e., ef- 
fectively 1-1-1 dimensional) electron systems, described by 
unitary effective field theories in 1 + 1 dimensions, a sponta- 
neous breaking of rotational symmetry can occur only at zero 
temperature^'^^"'^'^. One important consequence of our main 
result confirming that the period of the persistent currents in 
the PFj- states is exactly 1 is that it rules out any possibility 
for a spontaneous breaking of continuous symmetries at finite 
temperature. Nevertheless, it may be possible that the FQH 
systems undergo phase transitions^ at T = to some BCS- 
like phases where the periods could be less than 1 . 

For the analysis of the periods of the persistent currents we 
have extracted from the numerical data and plotted on Fig. 7 
the position of the unique maximum 0max for — 1 /2 < ^ < 1/2 
of the persistent currents for the = 2, 3 and 4 PFj^ states as 
functions of T in the region 0.03 < T/Tq < 3. Obviously, 
the position of the maximum tends to —1/2 for T ^ 0, in per- 
fect agreement with Eq. (26) (we skipped the low-temperature 
asymptotic curves for k = 2,3,4 that could be plotted from this 
equation because they become indistinguishable from the nu- 
merical ones for T/Tq < 0.5). For temperatures T > Tq the 



FIG. 7: The position of the maximum of the persistent currents in 
the ^ = 2, 3 and 4 parafermion FQH states computed numerically 
for temperatures 0.03 < T/Tq < 3. The inset shows a more detailed 
plot for lower temperatures. 
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position (^max tends quickly to — 1/4, this time in good agree- 
ment with Eqs. (33), (34) and (35). 

Should the period of the currents be smaller than 1, e.g., 1 /k 
for the PF;t states, the low-temperature position of the maxi- 



|0max(r)| < 



2k' 



for T<7b. 



because the persistent currents become for T ^ odd linear 
functions of the flux (j). In order to have period 1 /k for the PFj^, 
with k = 2,3,4,..., it is necessary that | limj-^o 0max(7")| < 
1 /2k. This would obviously be in contradiction with the nu- 
merical results that we have presented here showing that 



(r) 



1 

2' 



Therefore, we conclude that our numerical data suggests that 
the periods of the persistent currents for the PF^t states cannot 
be fractional. 

Another point we want to stress is that according to Eq. (26) 
the position of the maximum is independent of the filling fac- 
tor for r <c 7b and depends only on the ratio between the 
quasihole's CFT dimension and its electric charge. 



VII. CONCLUSION 

We have proposed a general scheme for the incorporation of 
the Aharonov-Bohm flux in the effective conformal field the- 
ory for the edge states of a mesoscopic disk or aimulus FQH 
sample, which opens the possibility to study the mesoscopic 
effects from the CFT point of view. This approach is based on 
a special invariance condition (5) representing the Laughlin 
spectral flow and its generalization (6) in the CFT framework. 

The persistent currents and magnetic susceptibilities can be 
computed exphcitly using the extended V transformation (6) 
and the CappelU-Zemba factors (8). We have calculated nu- 
merically the persistent currents and magnetic susceptibilities 
for the parafermion FQH states in the second Landau level 
and have analyzed their flux periodicities and temperature be- 
havior. The numerical results have been presented in several 
figures. One of our most important observation is that the pe- 
riods of the persistent currents and magnetic susceptibilities 
are exactly one flux quantum for all numerically accessible 
temperatures 0.03 < T/Tq < 14, which leaves no room for a 
spontaneous breaking of continuous symmetries. 

On the other hand, we have obtained analytic asymptotic 
expressions, Eqs. (27), (28) and (29), for the low- and high- 
temperature limits of the partition functions, persistent cur- 
rents amplitudes and zero-field magnetic susceptibilities in 
the parafermion FQH states, which are in exceUent agree- 
ment with our numerical data in the corresponding regimes. 
These expressions carry important information about the neu- 
tral properties of the FQH fluid and reveal two different mech- 
anisms reducing the persistent currents at low- and high- 
temperatures respectively, which are in agreement with the 
phenomenological expectations^. Our conclusion is that the 
asymptotic behavior of the persistent currents in both regimes 
in mesoscopic FQH states can be used to distinguish between 
different CFTs for the same filling factor In particular, the 
universal exponent (30) and the proper quasihole energy (21) 
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completely characterize the neutral properties of the FQH sys- 
tem and together with the filling factor and the minimal quasi- 
particle electric charge unambiguously determine the FQH 
universality class. Surprisingly the universal exponent (30) 
for the high-temperature decay of the persistent currents am- 
plitudes for the PF states turned out to be determined not sim- 
ply by the filling factor, like in the LaughUn states, but having 
also a crucial contribution from the neutral sector. 

A similar analysis could be performed e.g. for the (princi- 
ple) Jain series of filling factors where several different CFT 
have been proposed to describe the same electric properties 
while differing significantly in the neutral sectors. 
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